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The steady-state operation of a simulated moving bed (SMB) process can be modeled
by that of an equivalence true countercurrent (TCC) adsorption unit. An equilibrium
theory based on the TCC unit is very useful for the selection of a proper condition to
operate an SMB process. The exact analysis of such an equilibrium model, however, has
been limited to systems following a constant selectivity stoichiometric isotherm, which is
not frequently observed. In this article, the equilibrium theory was extended to a multi-
component system that follows a constant selectivity nonstoichiometric isotherm. An
exact solution is presented for the complete separation regions on the parameter space.
The analysis is further applied to cases where only partial separation can be achieved.

introduction

Simulated moving bed (SMB) adsorption processes have
been used to solve many important industry separation prob-
lems. A model is thus needed for their design and operation.
One way to model an SMB process is to consider, instead, an
equivalent true countercurrent (TCC) adsorption unit (Ho-
tier, 1996; Ruthven and Ching, 1989). To further simplify the
case, one can assume that this equivalent TCC unit is oper-
ated under local equilibrium condition. Such an equilibrium
model has been the basis for the recent works of Storti et al.
(1989, 1993, 1995) and Mazzotti et al. (1994, 1996, 1997).

Under the equilibrium model, there are four operation pa-
rameters involved in the four-section TCC unit showed in
Figure 1. These operation parameters can be identified as
the net fluid to solid flow ratios m; to m, in the sections.
These ratios can further be related to the normalized port
switching time of the corresponding SMB process through
geometric and kinematic equivalencies (Storti et al., 1995).

The equilibrium model could be reduced to a set of alge-
braic equations if the adsorption follows a constant selectivity
stoichiometric isotherm. Storti et al. (1993) shows that one
can identify a range of operation conditions such that the
feed components are split into two groups leaving, respec-
tively, from the raffinate and the extract outlets.

To achieve such a complete separation, the fluid to solid
flow ratio m, must be large enough to completely regenerate
the solid stream before it is recycled. The flow ratio m, must
be low enough to adsorb all raffinate components from the
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recycled desorbent. Above that, the flow ratios m, and m;,
must also be limited in a region on the parameter space
(Mazzotti et al., 1994). For binary separation systems, exact
solution to define the complete separation condition on the
m,-m5 space has been given by Storti et al. (1993). The analy-
sis has recently been extended to multicomponent systems by
Chiang (1998).

The results discussed above are, however, limited to cases
where all components have the same saturation capacity. This
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Figure 1. Equivalent TCC adsorption unit to model the
SMB process.

System variables involved are as indicated.
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is a rather artificial assumption. Mazzotti et al. (1996) have
tried to remove this assumption with a nonstoichiometric
Langmuir isotherm. Nevertheless, a constant fluid velocity
had to be assumed to solve the model even numerically.

Storti et al. (1995) further demonstrated that one can iden-
tify more than the complete separation region. Closed re-
gions on the m,-m, parameter space exist that lead to differ-
ent separation results. For example, a clean extract output
might be produced with a contaminated raffinate output or
the reverse case. Again, the analysis was made on a binary
separation system. However, the existence of such regions
should be general.

Two aspects of the equilibrium theory will be discussed
here. First, the technique previously developed to solve the
equilibrium model for multicomponent systems under a con-
stant selectivity stoichiometric isotherm will be extended to
systems following a nonstoichiometric isotherm. To do so, a
thermodynamic consistent Gurvitsch isotherm is employed
instead of the Langmuir isotherm used by Mazzotti et al.
(1996). Then, the same technique will be employed to solve
for cases where only partial separation can be achieved. With
such solutions, the m,-m, parameter space can be divided
into regions of different separation results. Finally, the exam-
ple problem discussed by Mazzotti et al. (1996) will be tested
with the new approach.

Equilibrium Theory
Adsorption isotherms

The Langmuir isotherm

S =y, fori=2,N (1)

is frequently used to describe the adsorption of components
in a chromatographic separation process. An important fea-
ture of this isotherm is that the fractional coverages 6, for
i=2, N do not sum up to one. This is perfectly legal since
component 1, the eluent, is usually in large excess or ad-
sorbed very weakly and has not been included in the above
isotherm equation.

For a bulk separation SMB process, all components in the
system must be considered as adsorptive. If the process is
operated under liquid phase, the Gurvitsch’s rule (Gurvitsch,
1915), that is, = I;I7° = 1, should in general be true. One may
have a constant selectivity system if the free energy of immer-
sion is independent of the adsorbed phase composition
(Minka and Myers, 1973).

If a bulk separation SMB process is operated under vapor
phase, the influence of spreading pressure on the adsorbed
phase activity coefficients may sometimes be neglected (Rota
et al,, 1993). This means ¥ T,/T° = 1 where I'? is the adsorp-
tion of pure component i at the system spreading pressure
(Talu et al., 1995). Rota et al. (1993) have further suggested
that T2 = T if all components in the system are strongly ad-
sorbed, as is frequently the case.

According to the above arguments, a Gurvitsch isotherm
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may be another choice of the adsorption isotherm to model
an SMB process.

Notice that if y, =1, one can normalize the K, (i=2, N)
in Eq. 2 by K, p;. After that, the Gurvitsch isotherm will be
the same as the isotherm (Eq. 1) for components i =2, N. In
other words, an SMB chromatographic separation process
that follows isotherm (1) can be considered as a Gurvitsch
system if one assumes the adsorption of the eluent is 8, =1
— LN ,6,. Therefore, all following discussions concerning the
Gurvitsch isotherm also apply to such an SMB chromato-
graphic separation system.

As we have mentioned, Mazzotti et al. (1996) took a Lang-
muir isotherm in their equilibrium model to deal with non-
stoichiometric systems. The isotherm employed by Mazzotti
et al. (1996) was similar to Eq. 1, but the component indices
were allowed to run from 1 to N, that is,

_ I; K ppy;
9-=F= W

1
! {4 ZKijY,'
i=1

=K£Pfy/
= 5,

fori=1, N (3)

This was considered as a general isotherm from which special
cases such as the linear isotherm and the constant selectivity
stoichiometric isotherm could be deduced. The linear
isotherm could be obtained when the summation in the de-
nominator is much less than 1. The constant selectivity stoi-
chiometric isotherm could be obtained if I;"=T%, and the
summation in the denominator is much larger than 1.

The isotherms of Egs. 3 and 2 are different in general, un-
less 8, = 8, > 1. We shall see that the equilibrium model is
easier to solve under the isotherm of Eq. 2 than under Eq. 3.

w-transformation

Whether the equilibrium is described by isotherm 2 or 3, a
w-transformation (Rhee et al., 1971, 1989) can always be ap-
plied to map the equilibrium compositions to a -vector.

Given y;, and thus 8, for an equilibrium system following
isotherm 3, the components of the Q-vector can be found as
the roots to the equation

N 8. N Q. —

In here vy, = K, p,I;7" is a normalized selectivity and p, is the
density of the adsorbent. It can be proved that Eq. 4 has N
roots, and they satisfy the relation

0<O, <y, <0<y, Q5. . <y = Qu=<yy (B)

v, will be taken as a component of the Q-vector if and only if
yi=6,=0.
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The mapping between the fractional coverages 6, and the
(-vector is one-to-one. Given €2, to Q,, one can always find
6; and vice versa. The mapping between 6; and p,y; is also
one-to-one. We have

e (z‘é ei/Ki) /
(2

For the system following the Gurvitsch isotherm (Eq. 2),
the same w transformation can also be applied. However, a
different Q vector will be obtained. For this case, there are
only N — I-independent 6;; therefore, the corresponding -
vector has only N —1 components. They are again the roots
to the equation

AR - w N(9Qi-w
. ( )n( )=0 )
i Vi T @ YiT@/i=2\ Vi~ w

and v, is a component of the Q-vector if and only if y, = 6, =
0. For the Gurvitsch isotherm, the N —1 components of the
Q-vector obey the relation

N
-3 0].) (6)

j=1

N
Y aj/K}.) (7

j=1

Y <y, Q5. <y <Oy <y (9)

Given (), to ), for a Gurvitsch system, the fractional cover-
ages can be found by

N
ITGa-9)

b, = S (10)
[TGi—v)
j=
Jj#Fi

A one-to-one mapping between 6, and y; also exists. There-
fore, the w-transformation for the Gurvitsch isotherm (Eq. 2)
is an N — 1 dimensional mapping, while that for isotherm 3 is
an N-dimensional mapping.

For both isotherms 2 and 3, the following general equation
can be written

N

)»

=1 YiTw

Ki( Vp/'yl - p.sri)
S LAy |

v8 N y6 v
=(—'—1)[Z —1}%—)(— an
w P P w

where » is any constant and y = 6(1—X ¢,). For the
Gurvitsch isotherm 2 we have 8 = 8, and y =0, while § = §,
and y =1 for isotherm 3.

Solution of a single TCC section

The material balance for a single TCC adsorption section
can be written (Mazzotti et al., 1994) as
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_a'g[mpfyi_psri]_;[_Apfyi_psri]=0 (12)

The parameter A is defined as A= €*/A1—¢,) where €* =«
+(1-€)e, is the total void in the system, €, is the intra-
particle void in the composite solid phase. The relative fluid
to solid flow ratio is collected in the parameter m = (u,/u, —
€,)/{1— ¢,). Here we have defined m as the net volumetric
flow ratio instead of a net mass-flow ratio as done previously
(Mazzotti et al., 1994; Chiang, 1998). This is to single out the
effect of fluid density in the following discussion.

With Egs. 8 and 11, the material balance for a Gurvitsch
system can be written as

P N
pr: (még — w)il:lz(ﬂi - w)}

J N
+ ﬂ—[()\%ﬁ— o) [](Q, - w)} =0 (13)
- _

i=2

which applies to all values of w. Taking the derivatives by
part and substituting €}; or m&; for w, we find

29, 20,
(més—Q)——+ (A8 +Q)—==0, forj=2,N (14)
o 7 oor

N omé
[knz(ﬂk—mSG) pr:
J N
=——[(A36+w)ﬂ(n,—w) (15)
aT i=2 w=mds

At steady state, both 9€),/3¢ and d(mdg)/3¢ should be zero.
Thus mdg; and (}; should be position independent. Further-
more, the transient Eq. 14 leads to

(ﬁ Sl (16)
dr]a, Ad;+ 4,

This is exactly the same characteristic equation obtained pre-
viously for a constant selectivity stoichiometric system.
Therefore, the steady-state solution of a nonstoichiometric
Gurvitsch system satisfies the same constant state relation-
ship discussed previously in Mazzotti et al. (1994) and Chiang
(1998).

The term mp;y; — p,I'; = f; in the first bracket of Eq. 12 is
the net flux of component i in a TCC section, and should be
position-independent at steady state. By writing f, = mp,y, —
p, 178, =(ms; — v,)6,/K,, we find that

N ; N g
mSG[E mﬁﬁ—7]=m8(;[2 ?l:|=mpf 17)
(6 i

i=1 8 i=1"

At steady state, everything on the lefthand side of Eq. 17 is
position independent. Thus, m p, must also be position inde-
pendent. However, the same may not be true for the volu-
metric flow ratio m or the fluid density p;.
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The situation is however different for systems following
isotherm 3. For this case, the steady-state material balance
becomes

9 N
E[(mﬁ,‘ - w)iI:[1 (Q,— w)— m} =0
or
N oQ;  om
(mSL—Q]-)kI;II(Qk—Qj) *(7§—=—ag (18)

k+j

N
[ Z (Qp—mé,)

k=1

omoés  Im

AT

(19)

In general, all m, mg,, and €}, vary with positions in the
section, and it will be difficult to solve these equations analyt-
ically. As an approximation, Mazzotti et al. (1996) assumed
that the volumetric flow ratio m is fixed, and forced the sys-
tem to a constant state solution. However, if such an approxi-
mation is to be taken, it seems better to start with the
Gurvitsch isotherm in the first place. In the following discus-
sions, only the Gurvitsch isotherm 2 will be considered and
the subscript G will be dropped from now on.

Complete Separation Conditions

We have proved that the steady-state solution of a nonstoi-
chiometric Gurvitsch system is of the same form as a con-
stant selectivity stoichiometric system reported previously
(Chiang, 1998). All theorems developed there can now be ap-
plied. The most important step was the definition of a flux
function T(w). For the present case, it should be modified to

N OOKF —w\ N W
T(w)= Y Kﬁ'”:(mﬁ )Z(Ql

i=1 Vi@ YiTw [\ YT e

) (20)

Since f;=(m8 —y,)6,/K,, it is clear that f; <0 if and only
if mé <'y,. Similarly, 0 < f; if and only if y, <m$, and f;=0
if and only if §; or mé& — v, is zero. Having indexed the com-
ponents according to increasing v;, all positive f; will appear
before negative ones. As in our previous article, one can also
prove that dT/dw <0if mé <y,,but 0 <dT/dw if y,, <mé.
When mé falls within [y,, v, ] T(w) will have two roots
©®< 0® in the same interval. One of them is the m 8.

Following the convention used by Mazzotti et al. (1994),
we will use the group R to represent the feed components
desired in the raffinate outlet and the group E to represent
those desired in the extract outlet. The strongest and the
weakest components in groups R and E will be identified by
subscripts Rs, Rw, Es, and Ew, respectively.

With these notations, the necessary and sufficient condi-
tion for a four-section TCC adsorption unit to achieve com-
plete separation is (Chiang, 1998)

fi=0. JE=0. fi=Rf fi=0
fi=0 fi=-Bf fi=0, fi=0
BefE 0 f=f fa=f3 >fi @D
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where F is the mass-flow ratio of the feed stream and y[ is
the feed compositions. Here, we have assumed that the de-
sorbent input is free of any feed component, and the feed
contains no desorbent. The objectives of the following analy-
sis are to rephrase the above condition in terms of the opera-
tion parameters m, p, 10 my p;.

To do so, the first step is to rewrite the complete separa-
tion conditions in terms of the corresponding Q-vectors. This
has been given by Mazzotti et al. (1994) and was summarized
in our previous article. The same condition applies here if we
change the K, to v;

max{vy,, Qf}<m 3,

m, 8y < min{yg, , Q% )} (22)
and
YRy SMy 8, < Qf Y, <m38 <O, if yp < g,
Qp<my8, <Qf, Qp<my8, <%, if v, <vp <7ve,
()’3Ew < m282 < YEw Q-}Ew < m383 =< YEw lf Yew < YD

(23)

Because sections 1 and 4 contain only the desorbent, it is
clear that &, = 8, = K, p;. The conditions on m, p, and m, p;
can be explicitly written as

max{yg,, Qf} /K, <m, p, (24)

m4pf5min{7Rw-Ql{/)+1}/KD (25)

Similar to Mazzotti et al. (1996).

Complete separation region on the m, p.-m; p, plane

Given m, p; and m, p; values that satisfy Eqs. 24 and 25,
the solution to the equilibrium model is now determined by
m; py and mj p;. The procedure to find the complete separa-
tion region on m, prmy p, plane will be the same as that
presented previously for a stoichiometric system. First, a
complete separation region is identified on the w®-w® plane,
where w® and w® are roots of the T2(w) or T3(w) func-
tions. This w®-©® region is then mapped to the fy-F plane,
and finally to the m, prm; p; plane.

Because the same constant state solution applies to both a
constant selectivity stoichiometric system and a nonstoichio-
metric Gurvitsch system, the complete separation region on
the ®-w® space is the same except the change of K, to v,
It can be written as (Chiang, 1998)

M58, <vyp,
3 — @ o _
Qp, = 03 < w7 =m;38;<yg,
Yre < 0%, = 0f <min{Qf,, 0} (26)

for strong and intermediate-strong desorbents

Yrs < M30;
—_ @ (S 2
Yrs SMy8) = 03 < w3 = Oy,

max{w$, QL } < 0§ = 0%, <7, @7n
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for weak and weak-intermediate desorbents, and either

m, 8, <vyp
Q3 <min{wf, 05}

©3 < wF =m38; <) (28)

D
Yrs < W3 =

or

Yp <mz8y
my8, < w?
= 0%, <75, 29

[
Yp < wy =
e F [s]
max{w$, 0L} < w3

have to be true for intermediate desorbents. Each set of these
relations defines a region on the w§-w§ or w5-wi plane.

To map the w®-w® complete separation region to the f,-F
plane, the relations

f_ls))_ L[ oY=
(F —}/-e‘(“’?_%')

37 7p 5;_ F
)(K y,-) (30)

Y
1 (yp = v Ky
—= 31
F XR:(‘”?—'Y:')(“’?_%) GV

fé) Yo = @5 Yp — @7 (Ki F)
i —; (32)
(F g(?’i’w?)(%‘“‘”ze) KDy

1 (v = vp) K yF
—=¥ - - (33)
F Ty, =o)Xy, — wi)

will be used. These equations are identical to those given for
stoichiometric systems, except the replacement of K; to vy, in
some places.

Up to now, the procedure has been almost the same as
that for a stoichiometric system. However, both y;, and X;
now appear explicitly in Eqgs. 30 to 33. The mapping from
w®-w® space to fy-F space will thus depend on both vy, and
K. This is demonstrated in Figure 2 for the case of a strong
desorbent. The complete separation region on the w®-®
plane is the same as long as v; are fixed, but different images
on the f,-F plane are obtained if K, is altered under a fixed
vp- Knowing that K, f3 - (w$ ~yp)and F - 0as ©f - yg,,
one could have shifted the different f,-F regions to the same
position by using K, f3— v, as the abscissa instead.

The last step is to map the f,-F complete separation re-
gion to the m, p-m; p; plane. This is where a nonstoichio-
metric system becomes different. To do so, let us rewrite Eq.
17 as

R L S X S E L B
2 mad, — vy £ M2d;—v, FF7
2 F
Y. YiYi
) (R L N 2 RO
my0,—vyp F E Ma8, =

and
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Figure 2. Same complete separation region is gener-
ated for a strong desorbent on the wj-ws
plane, but its image on the f,-F plane varies
with K, even though the vy, is the same.

The other parameters are KRl—l Kpo=15, Kg =20,
Kgy=3.0, yh =025, yF, =025, y£, =02, y/, =03 and all
I except I'5 are 1.

ms 3yl fg
m3Pf=m fD+FZ — ‘I,”+ZYiF]
i R
R —22 ﬁ+2——————7"}’f (35)
m3é;—vyp F R M3d3—7,

Notice that the second bracketed term in these equations al-
ways reduces to p,I'™ if I;”=TI"". Therefore, for stoichiomet-
ric systems, the mapping from f,-F space to m, prmsp,
space is nothing but a rotation of the axes.

For nonstoichiometric systems, however, the m,8, and
m38; terms involved in Eqgs. 34 and 35 must be known to
determine m, p; and m; p, for given fj, and F values. For a
strong desorbent, m,8, = w3 according to condition 26. The
m,8,, on the other hand, must be obtained separately by
solving the equation 7%(m,8,)=0 with the given f3 and F
values. Since f3 = fj3 <0, all nonvanishing net fluxes in sec-
tion 2 are negative. T*(w) has exactly one root smaller than
YEew» Which is the m, 8, desired.

With m, 8, and m,8; found for each (f,, F) point, the
complete separation regions given in Figure 2 can be mapped
to the m, p-m, p; plane as shown in Figure 3 by Egs. 34 and
35. Notice that we have used Kpm, p; and K,m; p; as the
axes in thls figure. Because F-0, Kpfi > (0 —vp) and
m,8, > w5 when wf— yg,, both Kpm, py and Kpmspe
should approach w§ when w§ — yg,. In other words, the
coordinates of point A are always (g, Yg,) on the Kpm, pr
K ppms p, plane, while those of point B are always (v, , ¥, ).
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Figure 3. Image of the regions in Figure 2 on the m,-m,
plane.

Had we used m; p; and m; p; as the axes directly, the region
with a larger K,, would have been at the lower corner and
that with a smaller K,, would have been at the upper right
corner.

By multiplying the axes with K ,, we have shifted the lower
edge of the region to the same position, but the shape of the
region is still different for different parameters. The triangu-
lar shaped region tilts to the right when the same vy, is the
product of a large K, with a small T}, and to the left when
reversed. Such a behavior may be understood by inspecting
the above equations; although the equilibrium constants K;
do not appear explicitly in Eqs. 34 and 35, they do so in the
function T*(w). In other words, given f, and F values, the
root m, 8, obtained depends on both vy, and K. The change
of m, 8, then affects the shape of the region.

The tilting of the complete separation region can also be
interpreted based on the previous results on stoichiometric
systems. It has been found (Mazzotti et al, 1994; Chiang,
1998) that the triangular-shaped region always tilts to the right
if the desorbent is strong and vice versa. Figure 3 thus sug-
gests that the combination of a large K, with a small I}
leads to a stronger desorbent than a small K, with large I}.
In other words, the equilibrium constant K, is more impor-
tant in determining the adsorptivity of the desorbent.

When K, is large, the righthand boundary of the com-
plete separation region in Figure 3 goes under the diagonal
line and approaches point A from below. The same happens
to the lefthand boundary when K, is smail. This behavior
will be discussed later.

Given in Figure 4 is the complete separation region for a
strong desorbent when K, is kept constant, but I'; is varied.
Since K, is fixed, points A and B are fixed even when we
have plotted the region on the m, p-m; p, plane. Here, we
find that a smaller I';; increases the size of the complete sep-
aration region while a larger I'; decreases it. This is because
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we are dealing with a strong desorbent here. A smaller I
weakens the strong desorbent, so that it is more like an inter-
mediate one when the feed rate is high. A larger complete
separation region is thus obtained. Conversely speaking, a
larger I'; worsens the case and reduces the complete separa-
tion at a high feed rate. Therefore, although the adsorptivity
of the desorbent is mostly determined by K, the saturation
capacity 1}, does modify its behavior at high feed rate.

For intermediate desorbent, the complete separation re-
gion on w®-w® plane is defined by both relations 28 and 29,
as demonstrated in Figure 5. This figure is the same as Fig-
ure 7 in Chiang (1998), but we have added here the relative
magnitudes of m& and 6, in each subregion.

The same procedure is then applied to map the regions on
Figure 5 to the m; p-m; p, space. The result is demonstrated
in Figure 6 where vy, is fixed but K, is varied. In this figure
we have used m, p, and m; p; as the axes without multiply-
ing K, so that it is easier to compare with Figure 6 of Maz-
zotti et al. (1996). The general shape of the complete separa-
tion regions and their relative positions are similar to the re-
sult of Mazzotti et al., but our region boundaries again go
across the diagonal line. Although the small portion of the
region below the diagonal line is of no interest to the opera-
tion of the process, the correctness of this behavior needs to
be verified.

Based on our definition of the component net flux, the to-
tal flux in a section is

N N
2 fi= mpy = ps 2178, (36)

=1

For a stoichiometric system, the second term reduces to p I'”.
Therefore, the overall material balance of sections 2 and 3
leads to m;prm, py=F. From this, we know that m;p,

w
1.0 - r\
\
\
\
A\
< RV
g / A
/
g =11
| B =10
——— I,"=09
0.5 e e ey T 7
a5 1.0
mzpf

Figure 4. Variation of m,-m; complete separation re-
gion with I'; while K, = 2.5.

All other parameters are the same as Figure 2.
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Figure 5. Complete separation region on the w®-w®
plane for an intermediate desorbent.

This is for the case where QF <yp,. If v, < Q5. the o,
region will be a tetragonal and the w; region will be a trian-
gle.

should always be larger than m, p,. However, for a nonstoi-
chiometric system we have

mypy—m,pp=F— P.s( Z Emeiz - Z Emais) (37
E,D R.D

There are two possibilities for m, p; and m; p; to be equal.
The first case is when F =0; thus, all 6, but 6, become
zero. However, if more adsorbates are carried to the left by
the solid plase in section 2 than in section 3, the bracketed
term on the righthand side may become positive, and we may
have my p; <m, p; at small F. This is most likely to happen
if Ti>Tg.

For the cases shown in Figures 3 and 6, we have I'y =T =
' and the above equation reduces to

mypp~my p;=F — p(I5 —= )65~ 6;) (38)

With I' <I7,, m; p; may be smaller than m, p; if 63 < 85.
This happens only in the lower triangle region shown in Fig-
ure 5. When I <T'™, mjp; may be smaller than m, p, if
65 < 03, or when the (m,8,, m;8;) point is near point A.
This is exactly what was observed in Figures 3 and 6.

The point marked as W in Figure 6 corresponds to the
optimal operating condition predicted by the equilibrium the-
ory for an intermediate desorbent. For the parameters used
in this figure, we have €, <vy,, and the point W corre-
sponds to w§ =, and w3 =vy,. The coordinates for point
W are therefore
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Figure 6. Complete separation region on the m,-m,
plane for an intermediate desorbent.

Parameters are KRl—l KR7—15 Kgy=20, Kg,=3.0,
v =025, 5, =025, vy, =02, yF, =03 All I]" except '}
are 1.

K.yvF
Y2 (39)

F
EQD

F
YiYi
L——Gr

EYi™ QF

pemy = [ZY:‘F
E

vy (Tp
pfm3=[z Pz (2
D i i

F o

YiYi 1y
+L 2 (1——2)

R YD Vi Fz

They reduce exactly to the Egs. 42 and 43 in Chiang (1998)
when I[*=T".

In summary, the procedure developed previously for find-
ing the complete separation region in the m,m, space also
works for nonstoichiometric Gurvitsch systems. The proce-
dure is practically the same except that the mapping from
fp-F space to m, psms p, space is slightly more complicated
for nonstoichiometric Gurvitsch systems. Both the equilib-
rium constant K; and the selectivity y; are involved in deter-
mining the complete separation region for a nonstoichiomet-
ric system, but the former seems to be more important in
determining the adsorptivity of the components.

KéyiF
Y| o
R Qf) ~ Y

Partial Separation Regions

Storti et al. (1995) demonstrated that the operation param-
eter space (m,,m;) can be divided into regions of different
separation regimes, where the separation may be incomplete.
It is demonstrated that the approach given in previous sec-
tions also works when the separation is incomplete. To do so,
let us redefine the group R to those components that are
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excluded from the extract outlet, and the group E to compo-
nents that are excluded from the raffinate outlet. A new group
B will be used to represent components that go to both out-
lets. A complete separation is achieved when group B has no
element. As in the other groups, the weakest and strongest
components in group B will be identified by subscripts Bw
and Bs, respectively. Each component in group B is further
associated with a pair of recovery n% and nf. The »* is the
fraction of component i recovered in the raffinate outlet. The
nf is that recovered in the extract outlet. Therefore 0/ + 7%
=1.

Let us assume that conditions 24 and 25 have already been
met and y5. Then, the net fluxes in columns 2 and 3 will be

fi=0 fi=Eeyf

fa=—F-ugyg fa=F-ngyg

fé—=~F'y§ fi;:O

fa="rp f8=f0+FYL€ (41)

and T?(w) and T3(w) can be written as

2 KI)
THw)=1+ 13
Yp @
K% Kiy! :
~-Fy ——=-% ntF (42)
E Y@ B Yi—w
T3(w)=1+( D ),;
Yp— @
K, iF K; ’iF
+FZ—1—+2 s nfF  (43)
RYi—®W p\YiTO®

Because fl% <0 when vy, <vyp but f3>0when yp <7,
one cannot have a situation with vyg,, <vyp <yg. The only
possibilities are therefore vy, < vz, <7vp and vy, <7yg. < ¥,

For the case with yg,. < vz, <7p, the following conditions
must be met so that Eq. 41 will be true

QL <m,8, <y, (44)
Yos <M38; < Vg (45)
7305, D=0 if OF . <my8y <vypy 46)
[dT/dwlms, =0 if yg, <my8, < Q5 |
and
T3QF)=0 for i€B,i#*Bw 47

The proof for these conditions is given in the Appendix.
The relations 44 and 45 define a region on the m, 8,-m;8;
plane. On the other hand, equalities 46 and 47, plus
T%(m,8,)=T*m;8;)=0, form a set of (Bs — Bw +3) linear
equations from which the variables f,,/F, 1/F, and 5/ can be
solved for given values of m, 8, and m;8;5. Once the f;,, F,
and ,qu are found, the net fluxes and compositions in sec-
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tions 2 and 3 are completely specified. The corresponding
values of m, p; and m, p; can then be found by

my pp = [fD - FZY:‘F - FZ WiEYzF
E B

Yol i iF iEi iF
n /D _FZ ViV »FE Vi (48)
M-8, — vyp £ M6, — v 3 M0y~
and
m; pp = fo+ FYyl+FYofyf
R B
’y y I3 L 71
+ oy +FZ zy FE Syl (49)
m;8;— vp r M 303, B Ma03—%;

Let us recapitulate the procedure described above. By
identifying the components in groups R, E and B, a region
on the m,8,-m8; is specified by Eqs. 44 and 45. For every
(m,8,, m,8;) point in this region, a set of f,,, F and nf
values can be solved from Egs. 46 and 47 plus T%(m,8,) =
T3(m;8;) = 0. From these, the corresponding (m, p;, m5 p;)
point can be found. In other words, the region on the m,8,-
m,8; plane is first mapped to a (fy,, F, %) space, and then
to the m, p-m; p; plane.

Shown in Figure 7 is an example of the m,8,-m48; region
defined by conditions 44 and 45, as well as its image on the

m,é,
; 15 2.0
I L | L ! L . . I I
F
Q B YB\\'
2.5 -WBSH
| A
<
g ]
| (}
2.0 | ¥gs
20 4; Fo o’
[ 2.5X1.1, /1.1
. B—— 25 1.0
s 1A —a——— 2.5X09, 1/0.9
g | '
1.2 *i
: D o/
c ‘
08 U o
x o 0.8 1.0

m,pe

Figure 7. Partial separation region on the m,6,-m;d;
and m,-m; planes.

Thcpdrametersare KB 1, KBW_ID Ky, =20, Kp=3.0,
=025, y§, =025, yf, =02, yF=03. All T except '}
lrcl
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m, prms p, plane. Again, the m,8,-m;8, region is a func-
tion of the v, only, but its image on the m, p~m; p; plane
depends on both y; and K. As shown in Figure 7, the m, p,
ms p, region is shifted to the lower-left corner when K, is
increased under a fixed vyp.

The procedures are similar when vy, < yg,, < vg,- The ap-
propriate region on the m,8,-m;8, plane is defined by

Yo <M383 < Qo (50)

Yaw-1 =My 8, <y, D

and the equalities to be solved are T%(m,8,) = T*(m;5;) =0,

[dT%/d@}m,s, = 0 Qf, <my8, <vp,

if (52)

T2(Qp,)=0 Vo1 <My 8, < 0,

and

THQH=T(0fY=0 Bw<i<Bs (53)

To divide the m, psm; p; plane into regions of different
separation regimes, one has to go through all possible combi-
nations for components in groups R, E and B. For each case,
a m,8,m,8, region is first found. It is then mapped to the
m, prmy pp plane. A map that partitions the m, prm; py
plane into different separation regimes can then be gener-
ated, as demonstrated in Figure 8. Since the mapping from
m,8,my8; space to m, prm; p, space is one-to-one, only
the region boundaries need to be calculated. Furthermore,

(1~4)
164 14
3 1~3 (1~4)
i 2~4 4
1.2 4 (1-3) 1~
[ 1~4 3~4
;a » 1~2 \
08 4 (1~2) 2~4 B
W a3
e (;:‘2‘)
04 |14
(1)
2~4
00 - ' ) T * - N B — * * * T
0.0 0.4 0.8 12 1.6
myp¢
Figure 8. Different separation regions on the m,-m,
plane.

Number in the parentheses indicates that the components
appear in the raffinate outlet. Number without parentheses
indicates that the components appear in the extract outlet.
The parameters are the same as in Figure 7.
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Figure 9. Separation regions for the n/isopentane sep-
aration system.

Parameters were K, = 3.0, K, =9.1, K, =27, I'=0.03, I'Y
=0.85, T5=0.7. The points are the experimental data re-
ported by Mazzotti et al. (1996).

the common boundary shared by neighboring regions needs
to be calculated only once.

In calculating the region boundary, limiting values of mé
are sometimes required. For example, we have 15, — 0 when
m,8, = g, and nft — 0 when m;8; — yg,. At these limiting
cases, both the number of linear equations and the variables
to be solved are reduced by one.

Special attention should be given to cases where the group
R contains no element. This is when all feed components ap-
pear in the extract outlet. For this case, the m, p; = 0 line is
a boundary for the region on the m, pyniy pf plane. Further-
more, T*(w) is now an explicit function of f3 and Fn?. These
variables can be solved without the equation 72(m,8,) =0,
and are thus independent of m,8,. In other words, the
boundaries where m,8; — yg, or yg, ., are independent of
m; py, and are, thus, horizontal lines on the m, prins py
plane. A similar situation applies to cases where the group E
has no element. For such case, the m,8, = vz, _, or vg,
boundaries are vertical lines on the m, prm; p, plane.

Example

Let us take the n/isopentane separation discussed by Maz-
zotti et al. (1996) as an illustration to further demonstrate the
analytical solutions described above. Due to the molecular
sieving effect, isopentane is nearly excluded from the SA zeo-
lite used as adsorbent in this system. This is evident from the
extremely small saturation capacity for isopentane listed un-
der Figure 9. These parameters have been taken from Maz-
zotti et al. (1996) where the isotherm 3 was employed. We
assumed that the same constants can be used for a Gurvitsch
isotherm, because the factor of 1 in the denominator is in-
significant compared to the summation term for most cases.
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Take the subscripts 1, 2, and D for the iso-, n-pentane,
and n-heptane desorbent, respectively. To achieve any sepa-
ration, the flow ratios in sections 1 and 4 must be such that
Qf < Kpppm; and K, pym, <y, With these conditions sat-
isfied, the complete separation region on the m, prm;py
plane can be found from the mapping of v, < w§{ < w5 <7y,
with the help of Eqgs. 30, 31, 34, and 35. The result is given in
Figure 9. The combination of m p;/pI” in our notation cor-
responds to the m value in their notation.

Our results are somewhat different from those obtained by
Mazzotti et al. (1996). First of all, the lefthand boundary of
the complete separation region goes below the diagonal line,
and the righthand boundary curves as it approaches the diag-
onal line. Similar behavior has been demonstrated in Figures
3 and 6. For the present case, the saturation capacity of
isopentane is twenty times smaller than that of n-pentane
and n-heptane. In other words, the bracketed term on the
righthand side of Eq. 37 is positive most of the time, and
3 p will be smaller than m, p, when F is small.

According to our solution, the lower bound for the pure
raffinate region should be at K, pymy = ;. Since y; << K, py,
it is effectively the origin of the axes as Mazzotti et al. (1996)
have found. However, our upper bound for the pure raffinate
region is different from theirs. Our solution suggests a hori-

zontal boundary at
Kp\[Qf- -0f
(—”—) SR P OB | N
K, Yo~ V1 Yo~

or ppms/p 7 = 0.86434, but their boundary had a positive
slope.

The experimental data reported by Baciocchi et al. (1996)
are also marked in Figure 9. Although the region boundaries
we predicted are somewhat different from those of Mazzotti
et al., all points except Q are still located in the correct re-

Kpppmy =,

1.0
o act
K, )% K, I
—— 27, 0.7, 8.1, 085
—-- 27, 07, 9.1, 086
e 32, 07, 9.1, 0.88%
=27, 073, 91, 085
Q¥ \\
0.8
g
Q
0.6
04
0.2 04

pam,
Figure 10. Variation of complete separation region upon

small changes in the parameters for the ex-
ample case shown in Figure 9.
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gion. Point Q, on the other hand, is located almost on the
vertex of the complete separation region we have predicted,
but is clearly more to the pure raffinate side. If our predic-
tion is correct, one would observe a pure raffinate with a
contaminated extract, but this contradicts the experimental
finding. Instead, the extract was pure but the raffinate was
not.

Since point Q is so close to the vertex of the triangle, a
small change of the system parameters may shift the vertex to
the other side. The variation of the complete separation re-
gion upon changing the equilibrium parameters is demon-
strated in Figure 10 with magnification. According to these
tests, it seems that the saturation capacity of the desorbent
used to calculate Figure 9 might have been underestimated.

Conclusions

Our previous technique for solving the equilibrium model
of a TCC adsorption unit has been extended to systems fol-
lowing a nonstoichiometric adsorption isotherm. The key to
our technique is again the flux function T(w). In here, its
definition has been modified.

The exact analysis of the nonstoichiometric equilibrium
model presented here is more than finding the complete sep-
aration region on the parameter space. The same technique
can be used to identify the operation parameter so that a
partial separation can be achieved. Therefore, a map can be
generated on the m, p-m5 p, plane that describes the opera-
tion conditions leading to different kinds of separation re-
sults.

The procedure described in this article is fundamentally
different from the usual ways to solve a model. Typically, the
state of the system is solved from a model with all operation
parameters given. In here, we are solving for the operation
parameters that lead to a specified outcome. Because there
are less operation parameters than system variables, the
problem is actually easier. However, one has to analyze the
problem differently.

It should be pointed out that the adsorption isotherm as-
sumed in this article is different from the one employed by
Mazzotti et al. (1996). For the type of isotherm assumed here,
the composition in each TCC section is position independent
at steady state. For the isotherm used by Mazzotti et al,, the
composition will be position dependent and the problem is
much more difficult.

An important conclusion has been obtained from the ex-
ample cases studied. The adsorptivity of the components is
largely determined by the equilibrium constants K, but will
be modified by the saturation capacity I;” when the feed rate
is high. If the desorbent is a strong one, that is, K., < K, a
smaller I'; helps to bring the desorbent closer to an interme-
diate one, and vice versa.
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Notation

f/=normalized net flux of component / in stream (section) j
K, = the equilibrium constant of component i (m*/mol)
L = the length of a TCC adsorption section
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m;=net volumetric flow ratio in section i, defined as (u,/u, —
€,)1-¢,)
t=time
u = superticial fluid phase velocity
u, = superficial solid phase velocity
z=axial coordinate
8= equilibrium theory parameter, 8; =L K, p;y;, 8, =1+
r K[ Prli
€, = intraparticle void fraction
5!‘ = overall void fraction, €* = € + ep(l —€)
I” = adsorbed phase saturation capacity of component i
ps= fluid phase molar density
7= dimensionless time, 7 = tu /L
&= dimensionless position, ¢ = z/L
x=0(1-%6,). x =0 for isotherm 2 and y =1 for isotherm 3
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Appendix

Let us first prove the inequalities 44 for the case where
Yo < ¥gs <¥p- For section 2, f2 <0 leads to f2=f7 <0,
For section 3, f3, must be positive but we have proved f3 <0.

Therefore, T%(w) should have two roots w? < wf in the in-
terval [y,,, vp). One of them is m;8; and the other is Q3 . .
We shall next prove that both m,8; and Q3 . | are smaller
than or equal to yg,, ;-

According to the theorem

min{Q?, 0} < O, < max{Q?, 0}

i

(A1)

given by Mazzotti et al. (1994), we have y5, = Q5 , | < Q3 |
< QL .| <vp,, - The first equality comes from the fact that
Ygs < ¥p, and there are no feed components in the desorbent
input. We have thus proved that Q% ., <vys,.,. To prove
that m,8; <y, ,, we will use the fact that f;,., =0 and
thus g, € Q3 If y,,,, <m38;, then vy, ,, € Q7 accord-
ing to the constant state relationship. This cannot be true
since f},,, cannot be zero. Therefore, m;8; <y ..

The next thing to prove is that w§=03,,, and w{=
my6;. If wf=my8,<wi=03_,<0f | the constant
state relations require that the root Q3. | be inherited from
the right, or from stream 8. In other words, o5 = Q% ., =
Q% ., =Q% .. This cannot be true since section 4 contains
only the desorbent. Therefore, we must have

_ e_03 : F o _
vps = 05 = Qo <min{Qp, ., m38;} < 07 =m38, <y,

Notice that the same procedures can also be used to prove
relation 26 if one replaces the subscript Bs +1 by Rs + 1.

The upper bound for m, 8, in the inequality 45 is easily
proved knowing that all nonvanishing net fluxes in section 2
are negative, thus m,8, <1y,,, and T?(w) must be a de-
creasing function for all w. However, the lower bound for
m,8, has to be dealt with after we prove equalities 46 and
47.

Knowing that m,8, <vp,, it is clear that Q2= Q)= Q¢
for all i > Bw. Since Q3. , = 0¥ and m;8; = wf, m,;8; can
either be larger than Q3 ., or equal to it. When Q3 ., <
m, 85, we have O}, , = Q3. , . However, Q3 ., also is equal
to ‘Q’g’s+ 1 thus, Q%}s—kl = Q%s-#l = Q£s+] and T3(Q£s+ l) =0.
This is the first half of Eq. 46. If Q3 and m, 8, are equal,
they are double root to the function T>(w); thus, the second
half of Eq. 46 must be true.

To prove Eq. 47, consider the fact that T*(w) is a decreas-
ing function for all w. Since Q7 < QF for Bw <i < D accord-
ing to Eq. Al, we have T2(Qf)<0. On the other hand, all
nonvanishing in section 3 are positive and 7°(w) is an in-
creasing function for all w. We have T(2f) > 0 for i < Bs.
However, T2(Q]) = T(Q]) must always be true. Therefore,
Eq. 47 is proved.

Finally, from 72(Q% )= T304 )>0 and that T w) is a
decreasing function, we can prove the lower bound for m, 8,
in Eq. 45, that is, QF, <m,8,.
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